Abstract. We show that a finite numerical boundary slope of an essential surface in the exterior of a Montesinos knot is bounded above and below in terms of the numbers of positive/negative crossings of a specific minimal diagram of the knot.
Introduction
Let K be a knot in the 3-sphere S 3 with the exterior E (K) . The boundary of a properly embedded essential (i.e., incompressible and boundary-incompressible) surface in E(K) gives a parallel family of non-trivial simple closed curves on the boundary torus ∂E (K) . It is expressed by an irreducible fraction (possibly infinity 1/0), which is called a numerical boundary slope. See [R76] for example. We say that a boundary slope other than 1/0 is finite.
In this paper, we consider the knot K called a Montesinos knot in S 3 , which is a knot obtained by connecting rational tangles. See the next section for detail. For Montesinos knots, there exists an algorithm developed by Hatcher and Oertel which completely determines the set of boundary slopes ([HO89] ). Based on their algorithm, we present an estimate on the concrete range of boundary slope as follows.
Theorem 1.1. Let K be a Montesinos knot consisting of rational tangles P 1 /Q 1 , P 2 /Q 2 , . . ., P N /Q N . Assume that the number N of the rational tangles is three or more, and each fraction P i /Q i is a non-integral non-infinity fraction. Then, we have 1.1. Corollary. It is known that at least two distinct numerical boundary slopes always exist for a non-trivial knot [CS84] , and the number of such slopes is finite for any knot [H99] . Hence, the set of boundary slopes gives a nonempty finite subset of Q ∪ {1/0}. This is called the (numerical) boundary slope set. We define the diameter of the boundary slope set as the maximum minus the minimum among finite boundary slopes. Note that the infinity slope is ignored in this definition.
In [IM08] , we obtained an estimate of the diameter by the crossing number for a Montesinos knot K as follows:
where Diam (K) is the diameter of the boundary slope set for K and C(K) is the minimal crossing number. Now this inequality (1) is easily obtained from Theorem 1.1. Moreover, together with [MMR08] , it becomes a corollary of Theorem 1.1 as follows:
Corollary 1.3. For a Montesinos knot K, we have the inequality

Diam(K) ≤ 2 C(K).
Proof. For 2-bridge knots, the result is shown in [MMR08] . Assume now that the Montesinos knot K is not a 2-bridge knot. We consider the expression of K so that its standard diagram attains the minimal crossing number. Then, we have Diam(K) ≤ 2 C + (D) − (−2 C − (D)) = 2 (C + (D) + C − (D)) = 2 C(D) = 2 C(K).
Motivations and related results.
Our study is originally motivated by the unpublished work [IS] on the boundary slopes and the crossing number of knots. Suggested by their work, we obtained the corollary above in [IM08] .
Extending our work in [IM08] , it was shown in [MMR08] that Inequality (1) holds for 2-bridge knots, and also shown that a similar inequality holds for 2-bridge link in [HoSha07] .
Also motivated by [IS] and [IM08] , Yamaoka [Y07] obtained
for a reduced alternating diagram D a of a two-bridge knot K, where R max and R min denote the maximum and the minimum among the finite boundary slopes. Thus, for a two-bridge knot K, we have
Actually, this equality holds for arbitrary diagram for a two-bridge knot. Because it was observed in [IS] 
for a reduced alternating diagram D a and any diagram D of an alternating knot. In fact, this follows from [M89, Theorem 13.3] immediately.
In the case of general alternating knots, Hayashi observed that, for a reduced alternating diagram D a , 2 C + (D a ) and −2 C − (D a ) are equal to the boundary slopes of checkerboard surfaces [Ha] . Thus if the boundary slopes of checkerboard surfaces attain the maximal and minimal boundary slopes, then we have the above equalities immediately.
For example, for alternating Montesinos knots, we showed in [IM08] that the boundary slopes of checkerboard surfaces attain the maximal and minimal boundary slopes. And so, for alternating Montesinos knots, we have the following for any diagram D;
Also note that, in Theorem 1.1, the inequality holds just for specific diagrams for Montesinos knots including non-alternating ones. It might be a supporting evidence of the inequality for non-alternating Montesinos knots and its arbitrary diagram.
About Inequality (1), it is natural to ask whether it holds for other class of knots. Actually it holds for all torus knots suggested in [MMR08] , and for all known example until recently. However, very recently, Kabaya gave [K] examples of knots which have boundary slope not satisfying the inequality in a completely different method. This paper is organized as follows. We review some definitions and HatcherOertel algorithm in Section 2, and then prove the main theorem in Section 3.
Preliminary
The readers familiar to [HO89] , or [IM07, IM08, IMa] would be able to skip this section.
2.1. Montesinos knot. Rational tangle Let P/Q be an irreducible fraction. We draw segments of slope P/Q on the flattened fourth-punctured sphere. The segments form two arcs on the sphere. Then we push the arcs into the interior of the sphere by an isotopy fixing endpoints of arcs. The two-string tangle thus obtained is called a rational tangle. In particular, a rational tangle corresponding to an irreducible fraction P/Q is called a P/Q-tangle. See Figure 1 . In this paper, we may use the term "tangle" as "rational tangle" for ease. 
Montesinos knot For irreducible fractions
is a knot obtained by connecting rational tangles corresponding to P i /Q i 's. See Figure 2 . Throughout this paper, we fix some notations and assumptions for a Montesinos knot. N denotes the number of tangles of a Montesinos knot. Moreover, P i /Q i denotes a fraction representing the i-th tangle T i in the Montesinos knot. According to [HO89] , we assume that each P i /Q i is not an integer, and is not 1/0. Assume further that N ≥ 3. With these conditions, a Montesinos knot is normalized in a sense, and then two-bridge knots and non-prime knots are excluded from argument.
For a Montesinos link to be a knot, or equivalently, to have only one link component, the tuple (P 1 /Q 1 , P 2 /Q 2 , . . . , P N /Q N ) of fractions must satisfy either of the following two conditions. Usually, two isotopic knots are identified with each other. In contrast, an expression M (P 1 /Q 1 , P 2 /Q 2 , . . . , P N /Q N ) of a Montesinos knot may be thought to specify not only an isotopy class of a knot but also a decomposition of a knot into a tuple of rational tangles. We adopt this point of view in this paper. Note that one isotopy class of Montesinos knots is actually expressed by many different expressions as a Montesinos knot.
Standard diagram of a rational tangle A fixed fraction P/Q can be expressed as a standard continued fraction
where the sequence [a 1 , a 2 , . . . , a k ] of integers satisfies k ≥ 1, a 1 ≥ 0, a i ≥ 1 for i = 2, 3, . . . , k − 1, and a k ≥ 2 if P/Q is positive, and k ≥ 1, a 1 ≤ 0, a i ≤ −1 for i = 2, 3, . . . , k − 1, and a k ≤ −2 if P/Q is negative. We call k the length of the expansion. According to a fraction expansion, we can make a diagram of P/Q-tangle. For a tangle corresponding to [a] = a, the diagram is like the left two diagrams of Figure 3 . That is, the diagram is made by aligning crossings horizontally. Next, if D A is the diagram of a rational tangle T A corresponding to a fraction expansion [a 1 , a 2 , . . . , a k ], then the diagram of some rational tangle T B corresponding to a fraction expansion [a, a 1 , a 2 , . . . , a k ] is obtained by combining a mirror image of D A and a-tangle where the mirror image is taken with respect to a line from top left to bottom right (see the right diagram of Figure 3 ). Inductively, a diagram is defined for a fraction expansion of P/Q. In particular, the standard diagram of a rational tangle is a diagram for the standard fraction expansion of the fraction.
Standard diagram of a Montesinos knot
is obtained by collecting standard diagrams of P i /Q i -tangles and aligning the standard diagrams horizontally in line. For instance, Figure 2 is the standard diagram of the Montesinos knot M (1/2, 1/3, −2/3). Since the standard diagram is constructed for a tuple of rational tangles, strictly speaking, the standard diagram is defined 
2.2.
Hatcher-Oertel algorithm. Here, we briefly review Hatcher-Oertel algorithm. We will try to give sufficient explanations so that this paper can be selfcontained, and so, we omit certain part of their machinery. Please see [HO89] or our previous papers [IM07] or [IM08] for more detail. The Hatcher-Oertel algorithm determines the set of all numerical boundary slopes of a Montesinos knot.
In the algorithm, S 3 is decomposed into N 3-balls where a Montesinos knot is also decomposed into N rational tangles at the same time. Furthermore, an essential surface is also decomposed into N pieces of surfaces, which are called "subsurfaces". A subsurface around a rational tangle is expressed by an "edgepath", and an essential surface for a Montesinos knot is expressed by a tuple of N edgepaths, which is called an "edgepath system".
An edgepath is a path in a diagram D. The diagram D is the 1-skeleton of a triangulation of a region {(u, v)|−1 < u < 1} in a uv-plane. See Figure 5 and Figure  6 . Vertices are points p/q for p/q ∈ Q ∪ {1/0} and points p/q
• for p/q ∈ Q. Two points p/q and r/s are connected by an edge if |ps − qr| = 1. An edge 1/0 -z for an integer z is called an ∞-edge. An edge z -z + 1 for an integer z is called a vertical edge. p/q and p/q
• are also connected by an edge, which is called a horizontal edge.
An edgepath is a path on D which is a combination of edges of D. Roughly rightto-left orientation is given to an edgepath. For a fraction P/Q, the starting point of an edgepath for P/Q-tangle must lie on the horizontal edge P/Q -P/Q
• . See [IM08] for concrete examples of edgepaths. An edgepath is expressed by a sequence of vertices of D.
See [IM07] or [IM08] for the correspondence between an edgepath and a subsurface. Roughly, an edge corresponds to a saddle and an edgepath (or an edgepath system) corresponds to a combination of saddles.
Each edgepath must satisfy "minimality condition", which is required so that corresponding subsurface is essential. An edgepath system must satisfy "gluing consistency", which assures that subsurfaces corresponding to edgepaths in an edgepath system can be consistently glued each other. By the gluing consistency, endpoints of all edgepaths in an edgepath system have common u-coordinate (first coordinate). According to the common coordinate, edgepath systems are classified into type I/II/III. Edgepaths of an edgepath system of type I have endpoints with u > 0. Edgepaths of an edgepath system of type II have endpoints with u = 0, in short, endpoints lie on the vertical line u = 0. Edgepaths of an edgepath system of type III have endpoints with u < 0. That is, the endpoints are 1/0 .
A basic edgepath is an edgepath which ends at an integer vertex z for some integer z and does not include vertical edges. A basic edgepath system is an edgepath system which consists of basic edgepaths. An edgepath system which does not satisfy gluing consistency is said to be formal. Generically, a basic edgepath system is formal.
For a non-∞-edge of D, with a right-to-left orientation, if v-coordinate increases as a point moves from the starting point to the ending point along the edge, then the edge is said to be increasing. Similarly, if v-coordinate decreases, the edge is said to be decreasing.
In Hatcher-Oertel algorithm, for a Montesinos knot M (P 1 /Q 1 , P 2 /Q 2 , . . ., P N /Q N ), all possible edgepath systems satisfying minimality and gluing consistency are collected. Then, each edgepath system is checked whether its corresponding surface is essential or not by the detailed conditions described in [HO89] . Eventually, the numerical boundary slopes for an edgepath system corresponding to an essential surface is calculated. By collecting the numerical boundary slopes, we obtain the set of numerical boundary slopes.
The boundary slope is calculated from an edgepath system roughly as follows. We first calculate "twist" of an edgepath system. The twist of an edge e is defined as +2 or −2 according to whether the edge is a decreasing or increasing leftward edge respectively. The twist of an edgepath γ or an edgepath system Γ is the sum of twists of edges in the edgepath or edgepath system. Let slope(Γ) and twist(Γ) denote the boundary slope and the twist of Γ. The boundary slope of an edgepath system Γ is calculated by slope(Γ) = twist(Γ) − twist(Γ s ) where Γ s is the edgepath system of a Seifert surface for a Montesinos knot.
Proof of the main theorem
In this section, we will give a proof of our main theorem. We will prove three key lemmas, Lemma 3.1, 3.2, and 3.3, after preparing some terminologies, in subsections 3.1, 3.2, and 3.3, respectively. Combining these, in subsections 3.4, we will give a proof of our main theorem. In subsections 3.5, we will consider about Remark 1.2.
3.1. Monotonic edgepath systems and bounds of boundary slopes. In this subsection, we define a monotonically increasing edgepath system Γ inc and a monotonically decreasing edgepath system Γ dec for a Montesinos knot K. Then, these edgepath systems give bounds of boundary slopes. These bounds have been essentially given in [IM08] or [IMa] . Monotonic basic edgepath systems A basic edgepath is called monotonically increasing if all edges in the edgepath are increasing. A basic edgepath system is called monotonically increasing if each edgepath in the edgepath system is monotonically increasing. The term monotonically decreasing is defined similarly for a basic edgepath and a basic edgepath system. Both the monotonically increasing basic edgepath system and the monotonically decreasing basic edgepath system are unique for a fixed Montesinos knot. Let Λ inc = (λ inc,i ) and Λ dec = (λ dec,i ) denote the monotonic basic edgepath systems respectively. Monotonic edgepath systems Next, from monotonic basic edgepaths, we define a monotonically increasing edgepath γ inc and a monotonically decreasing edgepath γ dec for a P/Q-tangle as follows. If P/Q is positive, γ inc is a monotonically increasing type III edgepath and γ dec is a monotonically decreasing type II edgepath obtained from a monotonically decreasing basic edgepath λ dec by adding downward vertical edges connecting v 0 (λ dec ) and 0 , where v 0 (λ dec ) denotes the v-coordinate of the intersection point between the basic edgepath λ dec and the vertical axis u = 0, or equivalently the integer representing the left ending vertex of λ dec . If P/Q is negative, γ dec is a monotonically decreasing type III edgepath and γ inc is a monotonically increasing type II edgepath obtained from a monotonically increasing basic edgepath λ inc by adding upward vertical edges connecting v 0 (λ inc ) and 0 .
For a Montesinos knot K = M (P 1 /Q 1 , P 2 /Q 2 , . . . , P N /Q N ), Γ inc = (γ inc,i ) and Γ dec = (γ dec,i ) are obtained by collecting γ inc and γ dec defined as above for each P i /Q i -tangle. Γ inc and Γ dec may contain both type II and type III edgepaths and hence may be formal. However, it does not matter, since we only use twists of these edgepath systems. A bound of boundary slopes The twists or boundary slopes of Γ inc and Γ dec give lower and upper bounds of twists or boundary slopes of essential surfaces. That is: 
or equivalently,
Proof. If Γ is a type I edgepath system or a type III edgepath system, by Proposition 3.2 in [IM08] , we have twist(Λ inc ) ≤ twist(Γ) ≤ twist(Λ dec ). This inequality gives the inequality (2). If Γ is a type II edgepath system, with a care for vertical edges in Γ, we can also show the inequality (2) for Γ.
Since the boundary slope of an edgepath system is calculated by the twist of the edgepath system minus the twist of a Seifert surface, the inequality (3) is easily obtained from the inequality (2).
3.2. Seifert surface and its edgepath system. In order to calculate the boundary slope of an edgepath system, we have to know also the twist of the edgepath system of a Seifert surface. Therefore, we investigate the edgepath system of a Seifert surface. In this part, we define an edgepath system Γ s and confirm that Γ s is the edgepath system of a Seifert surface.
Oriented tangle
As a preparation, we first define oriented rational tangles. For a rational tangle, we can give an orientation for each of two strings of the tangle. We call it an oriented tangle. Next, we identify one oriented tangle − → T A with another oriented tangle − → T B obtained from the tangle − → T A by reversing the orientations of the two strings at the same time. Throughout this paper, oriented tangles are always handled with this identification. Of course, results in this paper are consistent under this identification. Note that, under the identification, one tangle has two choices of orientation.
When we identify two oriented tangles by homotopy, all the oriented tangles are divided into 6 classes as in Figure 7 . We may call the class including one oriented tangle − → T the type of the oriented tangle − → T . Six types are denoted by H 0 (horizontal 0/1), D 0 (diagonal 0/1), V ∞ (vertical 1/0), D ∞ (diagonal 1/0), V 1 (vertical 1/1), and H 1 (horizontal 1/1). H * denotes the union of two classes H 0 and H 1 . Similarly, we define V * and D * . Figure 7 . 6 types of oriented tangles
Reduced expression of edgepath
We introduce notations for reduced expressions of edgepaths, which are used when one edgepath is defined with another edgepath. Let γ be an edgepath p k /q kp k−1 /q k−1 -. . . -p 2 /q 2 -p 1 /q 1 . Then, for an integer a, we introduce reduced notations of edgepaths: 
is an edgepath p n /q n -. . . -p 1 /q 1 with p n /q n = 0. Then, we define λ
, where 1/(a + p n /q n ) = 1/a. In Figure 9 , an edgepath 1/(a + λ 
− → T ) for an oriented tangle − → T corresponding to a non-integral P/Q
First, we think about an oriented R/S-tangle with positive non-integral R/S. Assume that z is the integer part of R/S and P/Q is the fractional part, that is, R/S = z + P/Q where z ≥ 0 is an integer and P/Q satisfies 0 < P/Q < 1. Let − → T A be an oriented P/Q-tangle. Let − → T B be an oriented R/S-tangle whose orientation is derived from
T A is of type V * or D * , and as a type II edgepath 0 -1 -. . .
Next, we think about an oriented R/S-tangle with negative non-integral R/S. Let − → T A be an R/S-tangle with negative R/S. Let − → T B be an |R/S|-tangle obtained from − → T A by taking mirror image with respect to the paper plane. We define
Last, we define the edgepath system Γ s (K) for a Montesinos knot K.
We give an orientation to a Montesinos knot K. Though there are two choices of orientation, they will give the same consequence eventually. As an orientation is given to K, an orientation is given also to each rational tangle T i of K, so let − → T i denote the oriented tangle.
For each oriented tangle − → T i , an edgepath γ s,i = γ s ( − → T i ) is uniquely determined as described above. Let Γ s denote the edgepath system obtained by collecting γ s,i for each − → T i of a Montesinos knot K. In [HO89] , an edgepath system of a Seifert surface is constructed as an edgepath system satisfying "turning number condition" and "penultimate vertex condition". We can confirm that Γ s (K) satisfies these conditions and coincides with the edgepath system of a Seifert surface described in [HO89] . Hence, we have the following.
Lemma 3.2. For a Montesinos knot K, the edgepath system Γ s (K) is the edgepath system of a Seifert surface.
3.3. Boundary slopes and the numbers of positive/negative crossings. In this part, we prove the following lemma, which relates numerical boundary slopes and the numbers of positive/negative crossings.
Lemma 3.3. Let K be a Montesinos knot. Let Γ inc , Γ dec and Γ s denote the monotonically increasing edgepath system, the monotonically decreasing edgepath system and the edgepath system of a Seifert surface defined above for K. D is the standard diagram of K. Then, the following identities hold:
Proof. Recall that edgepath systems Γ inc , Γ dec and Γ s are defined by Γ inc = (γ inc,i ), Γ dec = (γ dec,i ) and Γ s = (γ s,i ). The twist of an edgepath system is the sum of the twists of all edgepaths in the edgepath system.
On the other hand, the oriented knot diagram
Hence, the number of positive/negative crossings of − → D is the sum of numbers of positive/negative crossings of each − → D i . We first prepare the following claim. 
− → T ) is an edgepath defined above for an oriented tangle
where
These are shown by following the definition of each edgepath and edgepath system and by comparing twists and the numbers of crossings.
Proof of Claim 3.4. First, we prove this claim for 1/a tangles (a ≥ 2). The standard diagram and three edgepaths are shown for each of two oriented 1/a-tangles in Figure 10 .
• In the case − → T has positive crossings, edgepaths are
The number of crossings are
Twists are
Hence, we have
• On the other hand, in the case − → T has negative crossings, we have:
The numbers of crossings are
Eventually, we have proved the claim for T with the standard continued fraction [0, a] of length 2. Figure 10 . Diagrams and edgepaths for 1/a-tangles.
Next, as a hypothesis of induction, assume that the claim is true for − → T A with the standard continued fraction [0, a 2 , . . . , a k ] of length k for fixed k ≥ 2. Hence, we have
Assume that 0 < P/Q < 1 and P/Q = [0, a 2 , . . . , a k ]. Let T A be a rational tangle corresponding to P/Q. Let − → T A be a rational tangle T A with either of orientation. Assume that a ≥ 1. Let − → T B be a rational tangle with orientation obtained by first taking mirror image with respect to a line from upper left to lower right and then adding a 1/a-tangle below. Note that orientation of − → T B is naturally given by the orientation of − → T A . T B is a rational tangle corresponding to the fraction 1/(a + P/Q) = [0, a, a 1 , a 2 , . . . , a k ], which is denoted by R/S. In the bottom right figure, a dotted segment represents added edges, a solid curve is an edgepath obtained from an edgepath for − → T A and each of
corresponds to the combination of a dotted edge and a solid curve.
Signs of crossings invert on taking mirror. From the orientation of the tangle − → T A , the sign of crossings of 1/a tangle is negative. Hence, the numbers of crossings are
On making [1/(a + γ)] from γ, the original edgepath γ is turned roughly upside down. Then, the sign of the effect of an edgepath to the twist inverts. Twists are
The inductive conclusion has been proved for T A of type-V * . Similarly, the conclusion can be shown if T A is of type-D * or type-H * . Thus, the claim holds for − → T if the corresponding fraction has the standard continued expansion of length k + 1. By induction, these are enough to show the lemma. Proof. With Claim 3.4, we can show Claim 3.5 similarly to the proof of Claim 3.4. First, in order to show this claim for a non-integral P/Q > 0, we check the effect on adding integral tangles. Next, in order to show this claim for a non-integral P/Q < 0, we check the effect on reversing the sign of P/Q. The standard diagram and edgepaths γ inc , γ dec and γ s for P/Q < 0 is obtained by taking reflections of the standard diagram and edgepaths for |P/Q|.
By taking sum of identities in Claim 3.5, Lemma 3.3 is proved immediately.
Main theorem for an arbitrary standard diagram.
Proof of the main theorem. By combining Lemma 3.1 and Lemma 3.3, we easily have the inequality in the statement of the main theorem, for any standard diagram of a Montesinos knot, which may not attain the crossing number.
3.5. A standard diagram attaining the minimal crossing number. In this final part, concerning Remark 1.2 we confirm that there is a standard diagram attaining the minimal crossing number.
A standard diagram is defined not for an isotopy class of a Montesinos knot but for an expression of a Montesinos knot. A Montesinos knot M (P 1 /Q 1 , . . ., P i−1 /Q i−1 , P i /Q i , P i+1 /Q i+1 , P i+2 /Q i+2 , . . ., P N /Q N ) can be isotoped to another Montesinos knot M (P 1 /Q 1 , . . ., P i−1 /Q i−1 , (P i /Q i ) ± 1, (P i+1 /Q i+1 ) ∓ 1, P i+2 /Q i+2 , . . ., P N /Q N ) where the isotopy is just a rotation of one tangle. With repeated usage of this isotopy, a Montesinos knot has infinitely many different expressions as a Montesinos knot. By repeatedly using the above isotopy, every Montesinos knot can be isotoped into another restricted form, which corresponds to a Montesinos knot with a restricted expression. A restricted expression of a Montesinos knot is a tuple of fractions satisfying one of (i) all P i /Q i is positive, (ii) all P i /Q i is negative, (iii) (P 1 /Q 1 , P 2 /Q 2 , . . . , P N /Q N ) includes both positive and negative fractions, and all P i /Q i has absolute value less than 1. The standard diagram of a Montesinos knot with a restricted expression actually gives a "reduced Montesinos diagram" defined in [LT88] . By the following theorem determining the crossing numbers of Montesinos knots, we see that this standard diagram attains the minimal crossing number.
Theorem ([LT88, Theorem 10]). If a link L admits an n-crossing, reduced Montesinos diagram, then L cannot be projected with fewer than n crossings.
In short, any Montesinos knot can be expressed by a restricted expression, and the expression corresponds to the standard diagram which is a minimal diagram.
